We propose an alternative evaluation of quantum entanglement by measuring the maximum violation of the Bell's inequality without performing a partial trace operation. This proposal is demonstrated by bridging the maximum violation of the Bell's inequality and the concurrence of a pure state in an n-qubit system, in which one subsystem only contains one qubit and the state is a linear combination of two product states. We apply this relation to the ground states of four qubits in the Wen-Plaquette model and show that they are maximally entangled. A topological entanglement entropy of the Wen-Plaquette model could be obtained by relating the upper bound of the maximum violation of the Bell's inequality to the concurrences of a pure state with respect to different bipartitions.
Introduction
Entanglement measurements provide a way to extract quantum information from manybody wave-functions [1] . The most significant measure of entanglement is given by the entanglement entropy, S A = −Trρ A ln ρ A with ρ A = Tr B ρ being the reduced density matrix of the subsystem A, and ρ being the density matrix of a Hilbert space H = H A ⊗ H B . In other words, the entanglement entropy characterizes the entanglement between two complementary subsystems A and B. The entanglement entropy has been observed experimentally in a two-qubit system, but measuring the entanglement entropy for a higher-qubit system is still under development.
On the other hand, a qualitative detection of quantum entanglement could be performed experimentally by the observation of the violation of the Bell's inequality [2] . The original theorem, proposed by the John S. Bell [3] , states that correlations between the outcomes of different measurements of two separated particles must satisfy the inequality under the local realism. The violation of the constraints (the Bell's inequality) indicates the quantum effect of correlations or "entangledness" in quantum systems, which could be presented in two-qubit systems theoretically [4] . Although the violation of the Bell's inequality may not reveal the general structure of entanglement of a quantum state, the relation between the entanglement, measured in terms of the concurrence [5] , and the violation of the Bell's inequality was shown in two-qubit systems [6, 7] . The generalization for higher-qubit systems is still unclear.
In this letter, we discuss relations between the maximum violation of the Bell's inequality of an n-qubit Bell's operator [8] and the concurrence of a pure state when the i-th qubit operators in the Bell's operator are n · σ, where n is a unit vector and σ are Pauli matrices. One crucial point is that the quantum entanglement depends on a partial trace operation in a system, but the Bell's inequality does not. At first glance, this suggests that a quantitative entanglement measure by the Bell's inequality is difficult. Thus, bridging the maximum violation of the Bell's inequality and measures of quantum entanglement provides a huge application of an entanglement measure without performing a partial trace operation to detect the entanglement quantities.
There are various n-qubit systems exhibiting topological properties such as the toric code model [9] and the Wen-Plaquette model [10] . One of the topological signature is that the total quantum dimension of quasi-paritcles could be detected from the universal term in the entanglement entropy [11] , i.e., topological entanglement entropy [12, 13] . This motivates us to apply our theorem to the Wen-Plaquette model. We find that the upper bound of the maximum violation of the Bell's inequality in the Wen-Plaquette model indicates that the ground state is maximally entangled. The use of the maximally entangled property for a six-qubit state in the Wen-Plaquette model could relate to the topological entanglement entropy via the maximum violation of the Bell's inequality.
Entanglement and Maximum Violation
A Bell's operator of n qubits is defined iteratively as B n [8] :
A n − A n , where A n = a n · σ and A n = a n · σ are the operators in the n-th qubit with a n and a n being unit vectors and σ = (σ x , σ y , σ z ) being the Pauli matrices. The operators B 1 = b · σ with b and b being unit vectors. It is known that for a n-qubit system, the upper bound of the expectation value of the Bell operator Tr(ρB n ) ≤ 2 n+1 2 [8] leads to the violation of the Bell-CHSH inequality [2] . For a given density matrix ρ, the maximum expectation value of a Bell's operator is referred to as the maximum violation of the Bell's inequality. Here we demonstrate a relation between the maximum violation of the Bell's inequality and the concurrence (an entanglement quantity) in an n-qubit system when the all i-th operators in the Bell's operator are A i and A i for 2 ≤ i < n:
To proceed our derivation, we introduce an R-matrix:
where ρ is a density matrix, σ iα is the Pauli matrix with i α = x, y, z and α = 1, 2, · · · , n are the site indices. We express the R-matrix as a 3 n−1 × 3 matrix R Iin with the first index being I = i 1 i 2 · · · i n−1 and the second index being i n . In a two-qubit system, the maximum violation of the Bell's inequality is computed from a 3 × 3 matrix R ij defined above [7] . Now we generalize the maximum violation of the Bell's inequality (B n ) in a n-qubit system by using the R-matrix. when n = 2. Proof. We first introduce two three-dimensional orthonormal vectorsĉ andĉ such that a +â = 2ĉ cos θ andâ −â = 2ĉ sin θ, where θ ∈ [0, 1 2 π], through three-dimensional unit vectorsâ andâ . The maximum violation of the Bell's inequality is defined as γ ≡ maxB n Tr(ρB n ) with the Bell's operator of the n-qubitB n defined in (1) . By using the R-matrix and the unit vectorsB parameters, it could not guarantee thatB parallels R(â +â ) andB parallels R(â −â ), except for n = 2.
An earlier approach to relate the maximum violation of the Bell's inequality and the concurrence of a pure state C(ψ) ≡ 2(1 − Trρ 2 A ) [5] in a two-qubit system is discussed in [6] .
We generalize the relation of the maximum violation of the Bell's inequality and the concurrence of a pure state in an n-qubit system when a state is a linear combination of two product states. The concurrence is computed with respect to the bipartition with (n − 1) qubits in subsystem B and one qubit in subsystem A. Theorem 1. For an n-qubit state |ψ = |u B ⊗ λ + |v B ⊗ |1 A + λ − |ṽ B ⊗ |0 A with λ + |v B ⊗ |1 A + λ − |ṽ B ⊗ |0 A being a non-biseparable, α-qubit state, |u B , |v B , |ṽ B being product states, and the maximum violation of the Bell's inequality in an n-qubit system is γ = 2f α (ψ), in which the function f α (ψ) is defined as: (1) α is an even number:
(2) α is an odd number:
Here, C(ψ) is the concurrence of a pure state computed with respect to the bipartition that subsystem B contains (n − 1) qubits and subsystem A contains one qubit. 
where I ≡ I 1 I 2 . Here we choose the basis that |0 ≡ (1, 0)
T and |1 ≡ (0, 1) T .
The conditions for non-vanishing matrix elements R Ix are (n − α) number of σ z matrices in I 1 , (α − 1 − i) number of σ x matrices and i number of σ y matrices in I 2 with i being an even integer. The conditions for non-vanishing matrix elements R Iy are (n − α) number of σ z matrices in I 1 , (α − 1 − j) number of σ x matrices and j number of σ y matrices in I 2 with j being an odd integer. The conditions for non-vanishing matrix elements R Iz are (n − α) number of σ z matrices in I 1 , (α − 1) number of σ z matrices in I 2 .
The above conditions lead to the diagonal form of the matrix R † R. In the case that α is an even integer, the set of eigenvalues of
In the case that α is an odd integer, the set of eigenvalues of
Now we want to show γ = maxB ,B ,â,â B , R(â+â ) + B , R(â−â ) = 2 u B ≡â 1,i 1â 2,i 2 · · ·â n−1,i n−1 ,â ≡â n,in andâ ≡â n,in , whereâ n,in +â n,in ≡ 2ĉ n,in cos θ, a n,in −â n,in ≡ 2ĉ n,in sin θ, and θ ∈ [0, π/2]. This equality holds whenB parallels R(â +â ) andB parallels R(â −â ). One natural choice of a α,iα and a α, iα could be obtained by equating two ratios, R Ix (â x +â x )/R I y (â y +â y ) = B I /B I and R Ix (â x −â x )/R I y (â y −â y ) = B I /B I , where I and I is chosen in a way that one site of the I 2 in I is labeled by x and in I is labeled by y, and other sites of the I 2 in I and I are labeled by the same symbols. This leads to â I,x /â I ,y = ĉ n,x /ĉ n,y and â I,x /â I ,y = ĉ n,x /ĉ n,y . When u 
We demonstrate that the maximum violation of the Bell's inequality (B n ) is directly related to the concurrence of the pure state when the subsystem A only contains one qubit and the state is a linear combination of two product states. For the maximally entangled state with the concurrence C(ψ) = 1, the maximum violation of the Bell's inequality γ = 2
satisfies the upper bound of the Bell's operator of an nqubit system. Although we do not use the most generic form of the Bell's operator, the information of the state could be complete when the n-th qubit operators are measured. The extrapolation of the maximum violation of the Bell's inequality (B n ) from the Rmatrix could be equivalent to direct computing of the maximum violation of the Bell's inequality without losing generality.
Applications to the Wen-Plaquette Model
The Wen-Plaquette model [10] is defined by the Hamiltonian on a two-dimensional periodic lattice (torus) as
y , in which qubits live on the vertices with the four-spin interaction on each plaquette. A ground state of the Hamiltonian is an n-qubit state with n being the number of vertices. We first apply our Theorem to a four-qubit state, with the geometry of the system containing four vertices, eight edges, and four faces [14] . There are four degenerate ground states
). The order of each site in these four-qubit states are defined in the Fig. 1 (a) . Since the maximum violation of the Bell's inequalities for these ground states are γ = 4 √ 2, the ground states have concurrence C(ψ) = 1 according to the Theorem and are maximally entangled.
Before computing the upper bound of the maximum violation of the Bell's inequality of a ground state of the six-qubit in the Wen-Plaquette model, we consider a six-qubit state, site labels shown in Fig. 1 (b) . We relate the upper bound of the maximum violation of the Bell's inequality to the concurrence of the state. Two different bipartitions are considered: (1) subsystem A contains site number six, and (2) subsystem A contains sites number five and number six. Here we use δ = 1 or 2 as an indicator for the case one and the case two. According to the Lemma, we find that the upper bound of the maximum violation of the Bell's inequality could be expressed as a function of the concurrence of the pure state when we exchange the final site with the first site in the
as the concurrence of the pure state for the six-qubit state with respect to two different bipartitions. (see Supplementary Material [15] ). In the case that λ + = λ − = 1/ √ 2, the six-qubit state is a ground state of the WenPlaquette model and has the concurrence C(δ) = 1, which indicates the maximally entangled state. The entanglement entropy with respect to the two bipartitions are S A(δ=1) = ln 2 and S A(δ=2) = 2 ln 2, which could be obtained from the R-matrix through the inverse mapping, γ ≤ 6 = 2 13 − 2 δ+2 e −S A(δ) .
In general, the entanglement entropy has a form S A(L) = αL − S TEE , in which the first term indicates the area law with L being the length of the entangling boundary, α being a constant, and S TEE is called the topological entanglement entropy. In the WenPlaquette model, the length of an entangling boundary L is the number of bonds that connect subsystems A and B. We consider L(δ = 1) = 4 and L(δ = 2) = 6 to extract the area law of the entanglement entropy and obtain the topological entanglement entropy, S TEE = ln 2 = ln √ D, where D = 4 is the number of distinct quasiparticles [12, 13] . Here, we demonstrate an indirect measure of the topological entanglement entropy by measuring the R-matrix.
Outlook
Recently, the ground states in the toric code model with three sites have realized in [16] by using a 13 C-labeled trichloroethylene molecule. The ground states in the WenPlaquette model with four sites were also measured in the Iodotrifluroethylene (C 2 F 3 I) [17, 18] by using geometric algebra procedures [19] , which could give a four-body interaction [17, 18] from the combination of two-body interactions and radio-frequency pulses [19, 20] . These systems provide natural platforms for testifying our theoretical studies.
